I. INTRODUCTION
A COMPUTATION time and memory efficient method for modelling electrically large radiowave propagation problems in which the effect of backward waves can be ignored is the finite difference parabolic equation method (FD-PEM) [1] - [3] . The FD-PEM is suitable because it computes the forward propagating wave profile using a spatial marching process. This results in amenable computation time and memory requirements. It has been widely used by the wireless communications, broadcasting, optics, radar and computational electromagnetics communities in various electrically-large electromagnetic applications such as radiowave propagation modelling over rural and urban terrains [4] , in radar cross-section simulations of airplanes, ships and other targets [5] , in light guidance in various optical devices such as tapered waveguides and couplers [6] and X-ray diffraction [7] .
In the synthesis of FD-PEM software the boundary condition (BC) for truncating the computational domain is of particular interest. A variety of BC have been proposed such as the absorbing layer BC, the perfectly matched layer (PML) BC and the nonlocal BC [1] .
The nonlocal BC [1] , [8] - [10] is an exact BC that does not require the use of additional computation space in the form of absorbing layers. However, it has the disadvantage of the presence of a spatial convolution integral whose computation is time consuming. This computation is also memory demanding as it requires the storage and use of all previous values of the field along the boundary-hence, the term "nonlocal BC." This paper demonstrates, for the first time, that recursive convolution (RC) with vector fitting (VF) can eliminate these disadvantages. The RC has been employed for some time in power applications and circuit computations [11] . The RC relies on expressing the known term in the convolution integral as an exponential sum. Several methods can be used to achieve this. Here we use the VF method proposed by Gustavsen and Semlyen [12] . To demonstrate the use of RC in FD-PEM we focus, for simplicity, on 2D wide-angle FD-PEM (WA-FD-PEM) radiowave propagation simulations based on the Padé-(1,1) Claerbout approximation [1] , [2] . Two-dimensional PEM simulations have already been shown to produce useful results comparable to experimental measurements [13] . Furthermore, in the simulations shown, plane wave propagation is assumed at an angle and the FD-PEM computational domain is bounded by two nonlocal boundaries, an upper one and a lower one, as shown in Fig. 1 .
In Section II we present the 2D WA-FD-PEM formulation, the associated transmitting nonlocal BC [10] and their finite difference discretization. This is necessary mainly for completeness and because of the adoption of the time harmonic variation, commonly used by electrical engineers. Section III shows the RC formulation and its finite difference implementation. Section IV deals with the application of the 0018-926X/$25.00 © 2008 IEEE VF method to obtain the exponential summation for the RC formulation. Section V demonstrates the accuracy and speed of the proposed RC-WA-FD-PEM method through plane wave simulations. Section VI concludes the paper.
II. THE WIDE ANGLE PARABOLIC EQUATION METHOD AND ITS FINITE DIFFERENCE DISCRETIZATION
The Helmholtz equation describing the field distribution in our 2D homogeneous space, assumed here for simplicity to be free space is given by [14] ( 1) is the field variable, for TE polarization and for TM polarization.
is the free space propagation constant and is the wavelength. The operator is given by [14] , [15] ( 2) If we assume that the field variable has a time harmonic variation and that we are interested only in the wave propagating in the positive -direction, then we can neglect the operator bracket in (1) associated with the backward wave. Thus, (1), as shown in [15] , reduces to (3) Let us now express the field variable as [15] (4) where is termed the reduced field variable and will be the variable used in the FD-PEM computations. Substituting (4) in (3) yields [15] (5)
Using the Padé-(1,1) Claerbout approximation [1] , [2] (6)
in (5), we have the following form amenable to finite difference discretization:
It is interesting to note that substituting (2) in (7) leads to the differential equation (8) that has the following solution: (9) which, for fairly wide angles [2] , is a good approximation to the reduced wave field plane wave solution of (1) (10) hence the name "wide-angle" FD-PEM [14] . Equation (9) will be the incident wave to our WA-FD-PEM simulations. Both (9) and (10) have identical values at . The transmitting nonlocal BC is defined [10] at the upper boundary and the lower boundary as
where for the upper boundary and for the lower boundary.
is the incident field which should be known everywhere along the boundary. For simplicity, in this paper we assume it is defined by (9) .
is the Bessel function of the first kind and order.
Based on the nomenclature of Fig. 1 , the reduced field variable and its derivatives in (7) or (8) are discretized as follows using the central difference approximation [1] :
Substituting (13)- (15) in (7) or (8) yields (16) where (17) (18) At the two boundaries we will employ the 2nd order accurate discretization of the derivative described in [14] . Thus, at the upper and lower boundaries (19) (20)
Furthermore, the integral terms in (11) can be expressed as follows [10] :
where at the upper boundary and at the lower boundary . For the first integral term in (11) and for the second one . From (11) 
where for and for .
IV. THE VF APPROXIMATION
As indicated in (34) the function must be curve fitted with a function which is a summation of exponential terms, , where and are complex numbers. To achieve this we use first the VF method [12] to express the function as a sum of exponential terms. In the VF method, the Laplace transform, , of is approximated with a sum of fractions , i.e., is curve fitted over the argument region . We have found that is sufficient for our computations. The values are listed in Table I for reference. The table also contains input parameters to the VECTFIT software [12] which is available in the public domain. Fig. 2 shows that the absolute value of the VF error defined as . From (12) (45) From (34) and (45) it follows that and .
V. NUMERICAL RESULTS
The computations were made on a PC ( 
A. Investigation of Recursive Convolution Formulation
The RC formulation is first investigated before its FD-PEM implementation. To do this we consider the second convolution term in (11) , , which is in terms of the known incident field (9) . We employ the RC formulation (37). The RC result is compared with the formulation of [10] as described by (21). The computations are done in MATLAB. Results are also presented from the application of trapezoidal integration (using the "trapz" MATLAB command) to compute the integral term . In the latter method the derivative term is expressed analytically. The real and imaginary parts of the convolution term are shown in Fig. 3 . The results confirm that the RC methodology, the VF exponential sum and the approach followed for the discretization of the derivative term are acceptable. The computation time for each of the methods is shown in Table II . As the number of steps increases the computation times for the trapezoidal integration method and the Dalrymple and Martin method increase significantly. Hence, for these methods, time data are not shown for 100 000 steps. This number of steps corresponds to a distance km which is a TABLE II  SIMULATION TIMES FOR CONVOLUTION INTEGRAL (IN SECONDS) practical distance for a hypothetical wireless system operating at 3 GHz. In contrast, the RC formulation is very fast.
B. Free Space Plane Wave Propagation
The RC-WA-FD-PEM is used to model plane wave propagation at an angle to the preferred axis of propagation (the -axis) as shown in Fig. 1 . This example was chosen because it has both an upper and a lower nonlocal boundary, it has an exact   TABLE III  SIMULATION TIMES FOR WA-FD-PEM METHODS (IN SECONDS) analytic solution and inaccuracies due to the angular limitations of the Claerbout approximation are avoided as we can control the maximum angle of wave propagation.
The wave at the starting plane is the plane wave solution to the parabolic equation (9) .
To numerically demonstrate the speed, stability and accuracy of the RC-WA-FD-PEM code, simulations are presented over a propagation range of 10 000 steps ( m) and 100 000 steps ( km). Both axial and transverse results are presented. The results are compared with the analytical results obtained from (9) and with results obtained using the "standard convolution" WA-FD-PEM approach of Dalrymple and Martin [10] . Again, for the latter method, no results are shown for the 100 000-step model due to the large computation time required.
The 10 000-step results in Fig. 4 
VI. CONCLUSION
A novel RC-WA-FD-PEM methodology has been proposed for 2D radiowave propagation simulations. All our numerical results suggest that the method is fast, accurate and stable.
It must be noted that in many PEM simulations involving complicated environments in which the source field at the starting plane is confined within the computational domain and it is thus zero at the boundary, there is no need to use the transmitting nonlocal BC employed in this paper. For example, if the boundary lies in free space as in the paper, it is sufficient to use the simpler diffractive nonlocal BC [1] . The latter BC does not include the incident field terms in (11) . Hence, since the proposed methodology is applicable to the transmitting nonlocal BC then it is also applicable to the corresponding simpler diffractive nonlocal BC.
Current research focuses on the application of the proposed RC methodology to the very-wide-angle FD-PEM proposed in [16] and to 3D PEM [1] . In addition, it will be informative to compare the computational requirements of the proposed RC-WA-FD-PEM with those of a WA-FD-PEM incorporating a local BC such as a PML. 
